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Introduction

T HE ef� ciencies of a solid, constant-area (standard) � n and a
geometrically similar � n with an internal heat pipe (heat pipe

� n) were investigated.Analytical expressions for heat pipe � n tem-
perature distributionand ef� ciency were derived for the case where
the heat pipe is extended(inserted) into the object being cooled.The
results are compared to the case where the heat pipe is simply � ush
mounted against the object. These results are useful for comparing
heat pipe � ns to standard � ns. They provide a simple method of
evaluating the feasibility of using heat pipe � ns in an application
before more expensive and time-consuming heat pipe design meth-
ods are used. Also, experimentswere conducted to test the accuracy
of the analytical results. Both the inserted and � ush-mounted heat
pipe � n cases were studied. Within the uncertainty of experimental
data, the analytical and empirical data yield the same results.

Background: Flush-Mounted Heat Pipe Fin
Bowman et al.1 derived analytical expressions for heat pipe � n

temperaturedistributionsand ef� ciencies and compared them to the
values for standard � ns. Their model assumed a uniform cross sec-
tion along the length of the � n with an adiabatic tip condition.The
convection coef� cients on the inside (associated with evaporation
and condensation) and on the outsideof the � n were consideredcon-
stant. The heat pipe was � ush mounted against the object (Fig. 1).
Neglecting radiation, assuming steady state, and assuming temper-
ature varies only in the x direction, conservationof energy applied
to a differential element of the heat pipe wall was shown to be

k Aw
@2T

@x2
¡ ho Po(T ¡ T1 ) ¡ hi Pi (T ¡ Tv ) = 0 (1)

where k is thermal conductivity, Aw the cross-sectionalarea, T the
wall temperature,ho the outsideconvectionheat transfercoef� cient,
Po the outside perimeter, T1 the surrounding temperature, h i the
inside convection heat transfer coef� cient, Pi the perimeter of the
vapor space, and Tv the inside vapor temperature.

The nondimensional temperature and length were de� ned as

h = (T ¡ T1 ) / (Tb ¡ T1 ), X = x / L (2)

where L is the length of the heat pipe and Tb is the � n base tem-
perature.Equation (1) was rewritten in terms of the nondimensional
variables to give

@2 h
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¡ Z2 h = ¡ N 2 h v (3)

where

M2 =
ho Po L2
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(4)
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h i Pi L2
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(5)
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Z 2 = M2 + N 2 (6)

h v = (Tv ¡ T1 ) / (Tb ¡ T1 ) (7)

Equation (3) was then solved for h (X). Assuming T1 , Tv , h i , and
ho were constants, the solution was shown to be

h (X) = [1 ¡ ( N 2 h v

Z 2 ) ] cosh[Z (X ¡ 1)]
cosh(Z )

+
N 2 h v

Z2
(8)

h v =
tanh(Z )

Z + (N 2 / Z 2) [tanh(Z ) ¡ Z ]
(9)

Last, the � n ef� ciency was found. Ef� ciency is the heat transfer
from the � n dividedby the maximum heat transfer if the entire � n is
maintained at the � n’s base temperature. The ef� ciency was found
from the expression

g =
* L

0
ho Po(T ¡ T1 ) dx

ho Po L(Tb ¡ T1 )
= * 1

0

h dX (10)

Evaluating Eq. (10) for the case of the heat pipe � n that is � ush
mounted against the object yielded

g o =
tanh(Z )

Z + (N 2 / Z 2)[tanh(Z ) ¡ Z ]
(11)

A possible method of improving energy transport into the heat
pipe � n would be to insert the heat pipe evaporator into the object.
This would result in increasedarea for conductionto the evaporator.
Figure 1 illustrates the difference between the � ush-mounted and
the inserted heat pipe � ns. Next the ef� ciency of the inserted heat
pipe � n will be found.

Inserted Heat Pipe Fin Analytical Results
The ef� ciency for the inserted heat pipe � n is also de� ned by

Eq. (10). To � nd the ef� ciency, � rst the temperature distribution
along the heat pipe must be found. Inserting the heat pipe into the
objectwill in� uence the temperaturedistributionalong the lengthof
the heat pipe as well as the vapor temperature inside the heat pipe.
For this work, it will be assumed that for X ·0 (inserted region)
the heat pipe wall temperature is the same as the base temperature
(T = Tb or h =1.0). For X > 0, Eq. (8) still gives the wall tempera-
ture. This is because the wall temperature is assumed to be the base
temperature at X =0. Before substituting Eq. (8) into Eq. (10) to
� nd the ef� ciency, the new vapor temperature h v must be found.
Equation (9) does not apply to the inserted heat pipe case. Bowman
et al.1 showed that the vapor temperaturecouldbe foundby applying

Fig. 1 Heat pipe � ns studied.
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Fig. 2 Ef� ciency of inserted heat pipe � n.

conservationof energy to the vapor space. For the insertedheat pipe
� n case, this results in the following expression:

* L

¡ Le

hi Pi (T ¡ Tv ) dx = * 1

¡ Xe

( h ¡ h v ) dX = 0 (12)

where Xe is the nondimensionallength of the insertedportionof the
heat pipe � n (X e = L e / L ). Substituting the axial temperaturedistri-
bution intoEq. (12) and thensolvingfor thevaportemperatureyields

h v =
tanh(Z ) + Xe Z

(N 2 / Z 2)[tanh(Z ) ¡ Z] + (1 + Xe)Z
(13)

If Eqs. (8), (10), and (13)are combined, the ef� ciencyof the inserted
heat pipe � n can be found. After manipulation, the ef� ciency can
be shown to be

g =
tanh(Z )

Z
+ [1 ¡

tanh(Z)
Z ] ( N 2

Z 2 ) { g o[X e Z + tanh(Z)]
g o X e Z + tanh(Z) }

(14)

where g o is the ef� ciency of the � ush-mounted heat pipe � n given
in Eq. (11)

The in� uence of inserting the heat pipe into the object is shown in
Fig. 2. Figure 2 shows an example where N =30. Inserting the heat
pipe into the object can be seen to greatly improve the � n ef� ciency
over the � ush-mounted heat pipe case. The increase in ef� ciency is
due to improved heat transfer into the evaporator region of the heat
pipe.These are not surprisingresults.The value of this research is in
the equations that were derived to predict the results. These simple
equations make it easy to compare a heat pipe � n to a standard � n
during the design process.

Equation (14) can also be used for the case where evaporation is
also allowed from the end of the vapor space (which was assumed
not to exist in the preceding derivation). The inserted length would
need to be increased by a length equal to the area of the end of the
vapor space divided by the perimeter of the inside of the heat pipe.
This procedure is analogous to increasinga standard � n’s length so
that insulated� n tip resultscanbeusedwhen consideringconvection
from the tip of the � n.2

Experimental Apparatus and Procedure
Flush-Mounted Heat Pipe Fin Experiments

The � rst experimental apparatus consisted of a copper plate with
one standard� n and three heat pipe � ns protrudingfrom the surface.
The plate was 10.2 cm square and 1.3 cm thick. A standard copper

pin � n was silver soldered 6 mm into the plate. The � n was 8 mm
in diameter and 26 cm long, leaving 25.4 cm of � n exposed to the
ambient environment.

The three heat pipe � ns mirrored the dimensions of the standard
� n in length and outer diameter; however, they were constructedof
8-mm-o.d., 4.8-mm-i.d. copper tubing. Each heat pipe � n contained
a copper screen wick (2.5 wraps, 100 mesh) and was � lled with
2.8 ml of water. The � nished wick measured 1.1 mm thick at the
tube entrance but could have been as small as 0.5 mm thick (twice
the screen thickness) if the layers were compressed inside the tub-
ing. This thickness was one of the parameters needed to compare
the experimental data to the analytical results. As was described in
Ref. 1, h i = keff / t, where keff is the effective thermal conductivity
of the wick and t is the wick thickness.

Instrumentation consisted of eight type-T, surface-mount ther-
mocouples.The thermocoupleswere electricallyisolated from each
other and from the � n. They were connected to a data acquisition
card in a differential mode.

Testing was conducted in two main phases, namely, base and tip
measurementsand distributedtemperaturemeasurements.The base
and tip measurements were conducted by � rst instrumenting each
of the four � ns with a thermocouplenear the tip of the � n, 1 cm from
the end. Four thermocoupleswere also attached to the copper base
plate near each � n. The base was then heated to 130–135±C. All
data channels were then sampled for 15 s at a rate of 10 samples per
second per channel.The ambient air temperaturewas also recorded.
Five tests were conducted in this phase: one with the � ns in the
vertical position (evaporatordown), three in the horizontal position
at angles of 0-, 5-, and 10-deg favorable tilt from the horizontal,and
one � ipped 180 deg from the vertical position (evaporator up).

The distributed temperature measurement tests were conducted
in a similar manner; however, for this series of testing, all eight
thermocoupleswere attached to one � n at a time for the duration of
each test. The solid � n was � rst tested at two horizontal positions
(0- and 10-deg tilt), and then two tests were conducted in a vertical
position.For comparison,identical testing was performedon one of
the heat pipe � ns.

Inserted Heat Pipe Experiments

A second experimentalapparatus was constructedto measure the
in� uence of inserting the heat pipe into the object. The second heat
pipe � n was made from a common vacutubeused for drawingblood.
The vacutube was selected because of its low thermal conductivity
comparedwith that of copper and becauseof the good seal obtained
by the stopper. The vacutube had a total length of 0.131 m, a useful
inside length of 0.106 m, an inside diameter of 0.014 m, and an
outsidediameterof 0.015m. Three wraps of 100 meshcopperscreen
were insertedinto the vacutubefor theheat pipe wick.The � nal wick
thickness was 0.7 mm. The mass of water in the vacutube heat pipe
was 2.0 g.

The evaporator end of the heat pipe was inserted into hot wa-
ter to simulate a uniform temperature boundary condition along the
insertedregion.The condenserwas cooledby convectionto air. Dur-
ing the experiment, the inserted length in the water was varied.Four
thermocouples were used for this experiment. They measured the
ambientair temperature,thewater temperature,the � n base tempera-
ture, and the � n tip temperature.The � n base temperaturewas found
to be equal to the water temperature. This was checked because the
analytical results assumed a uniform temperaturedistributionalong
the inserted region.

Comparison of Analytical Predictions
with Empirical Results

Flush-Mounted Heat Pipe Results

Analysis of the experimentaldata revealed that the observed tem-
perature distribution of the standard � n closely follows that of the
analytical solution. Figure 3 compares the experimental data with
the analytical solution. Data from vertical (� n above the plate) and
horizontal orientations are shown. The dotted line represents the
analytical temperature distribution.
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Fig. 3 Temperature distribution of the standard � n.

Fig. 4 Temperature distribution of heat pipe � n.

Besidesvalidatingthe data acquisitionsystem, the solid � n analy-
sis helped quantify the � n convection environment.The convection
heat transfer coef� cient ho was required to predict theoretical � n
performance. It was thus necessary to � nd ho from the standard � n
data and use it in the analysis of the heat pipe � n. This appeared
reasonable because all four of the � ns were oriented alike and pro-
truded the same distance from the copper base plate. The average
� n tip temperature for the empirical tests was used as a means of
� nding the convectioncoef� cient ho from the � n. This was accom-
plished by varying ho in the analytical solution until the analytical
� n tip temperature matched the average empirical tip temperature.
This resulted in a convection coef� cient of ho =18.6 W/m2K.

The analytical temperature distribution along the heat pipe � n is
shown in Fig. 4. The two dotted lines in Fig. 4 refer to the ana-
lytical results for the two extreme wick thickness values, 1.1 and
0.5 mm. The measured temperaturedistribution(solid lines) follows
the analytical solution within the uncertainty of the measurements.

With known analytical and experimental axial temperature dis-
tributions, ef� ciencies for both may be determined and compared.
Table 1 presents ef� ciencies of the analytical solutions for stan-
dard and heat pipe � ns, as well as calculated ef� ciencies from the
empirical test results.

The measured ef� ciency of the standard � n was 5% higher when
the � n was vertical than when it was horizontal. This difference
may be due to the different convection environment. The vertical
orientation,with the heated plate below the � n, would enhance free
convection along the � n.

Table 1 Ef� ciencies

Ef� ciency, %

Position Analytical Empirical

Standard � n
Vertical 64 62 § 2
Horizontal 64 57 § 2

Heat pipe � n
Vertical 80–85 87 § 3
Horizontal 80–85 89 § 3

Fig. 5 Heat pipe tip temperature vs inserted length.

The heat pipe � n, on the other hand, seems to follow the opposite
trend. In the vertical position, gravity causes any excess water to
puddle in the bottomof the pipe.This adverseeffectwould lower the
ef� ciency of the heat pipe � n. In the horizontal position, puddling
effects are less of a factor. The horizontal orientation appears to
yield an increase in ef� ciency; however, note that if error limits are
considered the two heat pipe � n orientations could yield similar
or even opposite results. The close ef� ciency values for the two
orientations suggest that puddling was not a large factor.

As was mentioned earlier, one test was conducted with the evap-
orator above the condenser. During this test, evaporatordryout was
observed.The heat pipe � n tip nondimensionaltemperaturedropped
from0.82(nondryoutcase) to 0.47(dryout). With theevaporatordry,
the heat pipe � n was less ef� cient than the standard � n.

Inserted Heat Pipe Results

The results from the tests with the second experimental appara-
tus (vacutube heat pipes) are shown in Fig. 5. These results were
obtained by varying the amount of the heat pipe inserted in hot wa-
ter. The tip and base temperature of the heat pipe as well as the
environment temperature were monitored. Figure 5 compares the
experimental results with the theory [Eqs. (8) and (13)]. The agree-
mentbetweentheexperimentand the theoryisgood.The uncertainty
is attached to the theoretical results. To predict the theoretical re-
sults, several experimentally determined parameters were needed.
The most dif� cult to approximate were the outside and the inside
convection heat transfer coef� cients. The uncertainty limits shown
re� ect the high and low estimates for each of these parameters.

Inserting the heat pipe � n into the object that is being cooled has
a large impact on the tip temperature of the � n and, thus, on the � n
ef� ciency.
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Conclusions
Expressions for the analytical temperature distribution and ef� -

ciency of a heat pipe � n were derived and compared with experi-
mental data. Two heat pipe � n cases were studied, � ush mounted
and inserted into the object. The derived expressions are useful as
a design tool. They allow the designer to compare heat pipe � ns to
standard � ns before doing a detailed heat pipe design.

Further researchcould focus on variations in heat pipe design and
geometry.Thesecouldincludenonconstantpropertiesandboundary
conditions.For this work, the wall cross-sectionalarea, the internal
convectioncoef� cient, and the external convectioncoef� cient were
assumed constant. The impact of these assumptions on accuracy
should be investigated. It would also be interesting to extend the
analysis to � ns in radiation environments.
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Introduction

P HASE changematerial (PCM) slurriesare beingconsideredfor
use in temperaturecontrol and thermal energy storage systems.

However, theoretical models for heat transfer in such slurries have
received relatively little attention. Chen and Chen1 used a Dirac
d -function-basedanalyticalmodel and a perturbationmethod to in-
vestigate the augmentation of heat transfer for a steady, laminar
PCM slurry � ow above a � at plate with constant wall temperature.
Charunyakornet al.2 developeda numericalmodel for heat transfer
to PCM slurries for � ows between parallel plates and in circular
ducts for various boundary conditions. Goel et al.3 conducted an
experimental study to verify the model of Charunyakorn et al.2 for
the case of � ow in a circular tube with a constant heat � ux bound-
ary condition.They found that the experimental results agreed only
qualitativelywith the numerical prediction, with the difference be-
tween the two beingof theorderof45%.ZhangandFaghri4 modi� ed
the model of Charunyakornet al.2 to include the effects of the crust
of the microcapsules, initial subcooling,and the width of the phase
change temperature range. They found that the differencesbetween
their numerical results and the experimental results of Goel et al.3

could be reducedor eliminatedentirelyby incorporatingthese three
effects in the Charunyakorn et al.2 model.

Previous theoretical models use a complicated source term or
special analytical techniques so that they cannot be readily used in
commercial computational � uid dynamics (CFD) packages. Also,
when the phase change process occurs over a � nite temperature
range (for example, with multicomponentsubstances), the effective
speci� c heat of the material may vary as a function of temperature.
The effects of this variation on the heat transfer process have not
been investigatedto date.To overcomethese limitations,an effective
speci� c heat capacitymodel for heat transfer to a PCM slurry is pre-
sented.This model does not includea source term and is more easily
implemented in standard CFD packages. Instead, various forms of
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the speci� c heat functions have been considered to account for the
phase change effects, and numerical results have been obtained us-
ing the model.

Model Formulation
It is advantageous to consider a standard problem at this stage

because the primary goal is to develop and to evaluate a new model
for heat transfer with PCM slurries. Once the model veri� cation is
complete, it will be possible to use it to study more complex heat
transfer processes as required. Thus, the problem of laminar heat
transfer to a PCM slurry � owing in a circular duct with constant
wall temperature Tw is considered in this Note. The � ow is assumed
to be fully developed, and the slurry enters the heated section at a
temperature Ti that is equal to or below the melting point of the
PCM. The volumetric concentration of the suspended PCM is less
than 20–25% so that the � ow is essentiallyNewtonian. The density
of thePCM in both the liquidandsolidphasesis approximatelyequal
to that of the suspending� uid so that the particlescan be assumed to
beneutrallybuoyantand the slurrydensitycanbe treatedas constant.
The sizes of the PCM particlesare much smaller than the radiusr0 of
the tube so that the suspensionbehaves as a homogeneous � uid and
the effects of the particle free layer next to the wall are negligible.
The � ow rate (with mean velocity Um ) is assumed to be suf� ciently
high so that there is no separation of the slurry constituents but is
low enough so that viscous dissipation and axial conductioneffects
are negligible. Note that the basic assumptions here are similar to
those used in previous studies.2,4

Basedon theprecedingdescriptionof themodel, a simpli� ed form
of the energyequationis used to model theheat transferprocess.The
phasechangeeffects are includedin the energy equationthrough the
speci� c heat capacity of the slurry, which is taken as a function of
temperature.The thermal conductivityke is also taken as a function
of the radial positionto account for microconvectiveeffects induced
by the PCM particles suspended in the � uid. The energy equation
can, therefore, be written as

2 ¢ Cp ¢ q ¢ Um [1 ¡ ( r

r0 )
2 ] @T

@x
=

1
r

@

@r (r ¢ ke
@T

@r )
=

1
r

@

@r (r ¢ f ¢ kb
@T

@r ) (1)

with the following initial and boundary conditions:

T = Ti at x = 0,
@T

@r
= 0 at r = 0

T = Tw at r = r0 (2)

where kb is the static bulk thermal conductivity and f is the
microconvection-related enhancement factor that has been repre-
sented by piecewise linear functions5 based on the general relation
developed by Charunyakorn et al.2

The speci� c heat function must be derived carefully because it is
the main part of this new model. As a � rst step, it is assumed that
the speci� c heat capacity of the PCM, Cps , is the same in both the
solid and liquid phases. Thus, in the absence of phase change, the
speci� c heat of the slurry, Cpwo , is calculated by using the mass
fraction Cm of the PCM:

Cp = C pwo = Cm ¢ Cps + (1 ¡ Cm) ¢ Cp f (3)

During the phase changeprocess, the effective speci� c heat of the
PCM will be a function of temperature (Fig. 1). In this temperature
range, the effective speci� c heat Cp = Cpsl can be related to the
latent heat h f s by the following equation:

h f s = * T2

T1

Cpsl ¢ dT (4)

Four different speci� c heat functions have been considered in the
present work. To represent symmetric distributions, rectangles and
sinusoidal curves were chosen, whereas two oppositely oriented


